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Abstract 

We extend the black hole/qudit correspondence by identifying five 
and six-dimensional 1/2-BPS black string and hole charge vectors in 
Af = 8 and N = 2 magic supergravities with qubits and qutrits over 
composition algebras. In D = 6, this is accomplished via Hopf fibra- 
tions, which map qubits over composition algebras to rank one ele- 
ments of Jordan algebras of degree two. An analogous procedure maps 
qutrits over composition algebras to D = 5 charge vectors, which are 
rank one elements of .Jordan algebras of degree three. In both cases, 
the U-duality groups are interpreted as qudit SLOCC transformation 
groups. We provide explicit gates for such transformations and study 
their applications in toroidally compactified M-theory. 
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1 Introduction 

In recent papers [l]-[9] [55]-[57j, Ferrara, Levay and Duff et al. established a 
correspondence between extremal black holes and qubit and qutrit entangle- 
ment. Such a correspondence stems from Duff's observation that the entropy 
of an extremal black hole in the four-dimensional N = 2 STU model and 
the measure of three-qubit entanglement are both given by Cayley's hyper- 
determinant [8] . Later work was motivated by studies of BPS black holes in 
a class oi Af = 2 supergravities whose scalar fields lie on a symmetric space 
[in]-[I3], called magic supergravities [15j-[18l. It was shown that extremal 
black holes in D = 3, 4, 5, 6 magic supergravities can be described by Jor- 
dan algebras and their corresponding Freudenthal triple systems, with the 
Bekenstein-Hawking entropy of the black holes given by algebraic invariants 
[H Eni [IS El [HI EOj . In D = 4, the quartic invariant was shown to be 
proportional to Cayley's hyperdeterminant HI [3l [1] and used to describe 
three-qubit entanglement, yielding a novel derivation of the three-qubit en- 
tanglement classes [5J . Subsequent work led to the description of STU black 
holes in terms of four qubits [57] and a rigorous classification of four qubit 
entanglement based on = 3 black hole U-duality orbits \55\ I56j. 

In [1], Borsten et al. proposed the identification of elements of Jor- 
dan algebras of degree two and three with 2x2 and 3x3 reduced density 
matrices for two qubits and qutrits, in quantum mechanics defined over ar- 
bitrary division algebras. Here, we also make use of the Jordan formulation 
of quantum mechanics, but give a different interpretation for elements of 
Jordan algebras over composition algebras, which include division algebras 
as well as their split forms. Given that 1/2-BPS black hole charge vectors 
in D = 5,6, Af = 8 and Af = 2 magic supergravities are rank one elements 
of Jordan algebras of degree two and three [131 [SS] , it is possible to identify 
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1/2-BPS black hole charge vectors with pure qudits (qubits and qutrits) 
over composition algebras. The unitary and SLOCC groups of such qudits 
correspond to the automorphism and reduced structure groups of the cor- 
responding Jordan algebras, respectively. As higher rank Jordan elements 
can always be expressed as orthogonal sums of rank one elements via spec- 
tral decomposition |26l I29j . we identify 1/4 and 1/8-BPS black hole charge 
vectors with observables on orthogonal qudit states. 

Geometrically, 1/2-BPS black hole charge vectors are mapped to points 
in projective space, while 1/4 and 1/8-BPS charge vectors are mapped to 
projective lines and planes. The corresponding U-duality groups are isomor- 
phic to the collineation groups of the projective spaces [24J. In the quantum 
information context, U-duality transformations are realized by acting on 
Jordan algebra matrices with elements of the reduced structure group |45j . 
where such elements are interpreted as qudit SLOCC gates. 

2 J\f = 8 and J\f = 2 Magic Super gravities 

We review M = 8 and N = 2 magic supergravities va. D = 5,6 and give their 
corresponding Jordan algebras, symmetry groups and entropy expressions 
for black string and hole solutions. The relevant Jordan algebras are of 
degree two and three and taken over finite dimensional composition algebras. 
We will first review composition algebras and Jordan algebras, particularly 
those relevant to black hole solutions in supergravity. 

2.1 Composition Algebras 

Let y be a finite dimensional vector space over a field F = R, C. An algebra 
structure on 1/ is a bilinear map 

V xV (1) 
^ x»y. 

A composition algebra is an algebra A = (V^, •), admitting an identity ele- 
ment, with a non-degenerate quadratic form rj satisfying 

Vx,yGA r]{x • y) = r](x)ri{y). (2) 

If 3a; G A such that x ^ and r]{x) = 0, r/ is said to be isotropic and gives 
rise to a split composition algebra. When \/x £ A, x ^ 0, rj(x) 7^ 0, is 
anisotropic and yields a composition division algebra. 

Theorem 2.1. A finite dimensional vector space V over F = M, C can 
be endowed with a composition algebra structure if and only if dimf{V) = 
1,2,4,8. If¥ = C, then for a given dimension all composition algebras are 
isomorphic. For¥ = M and dimY{V) = 8 there are only two non-is amorphic 
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composition algebras: the octonions O for which r] is anisotropic and the 
split- octonions Og for which rj is isotropic and of signature (4, 4) . Moreover 
for all composition algebras, the quadratic form ij is uniquely defined by the 
algebra structure. 

The composition algebras immediately applicable to A/" = 8 and J\f = 2 
magic supergravities include those over M with anisotropic quadratic form, 
the dimR(y) = 1, 2, 4, 8 division algebras M, C, H, O, and the eight-dimensional 
split octonions Og with isotropic quadratic form. It is worth noting that 
even though O and are non-isomorphic, they are both real subalgebras 
of the unique dimc(l^) = 8 dimensional bioctonion composition algebra Oc 

MM- 

2.2 Jordan Algebras 

A Jordan algebra over a field F = M, C is a vector space over F equipped 
with a bilinear form (Jordan product) (X, Y) — t- XoY satisfying WX, Y G A: 

XoY = YoX 

Xo{YoX^) = {XoY)oX'^. 

Given an associative algebra A, we can define the Jordan product o on 
A using the associative product in A, given hy X o Y = ^{XY + YX). 
Under the Jordan product, o) becomes a special Jordan algebra A'^. 
Any Jordan algebra that is simple and not special is called an exceptional 
Jordan algebra or Albert Algebra. The exceptional Jordan algebras are 
27-dimensional and over M are isomorphic to either or J^" |26j . 

An idempotent (or projector) in a Jordan algebra is a non-zero element 
such that = P. Given two idempotents Pi,P2, they are orthogonal 
if P1P2 = 0. An idempotent is called primitive if it is not the sum of 
two orthogonal idempotents. In finite dimensions, any idempotent can be 
decomposed into an orthogonal sum of primitive idempotents. The number 
of primitive idempotents the identity decomposes into is called the capacity, 
and determines the degree of the Jordan algebra [25j. 

The Jordan algebras relevant to D = 5,6, M = 8 and M = 2 magic 
supergravities are those of degree two and three, consisting of 2 x 2 and 
3x3 Hermitian matrices with entries in a composition algebra. The au- 
tomorphism and determinant preserving groups for these algebras will be 
denoted by Aut(J^) and Stro(J*), respectively. 

2.3 D = Q Black Strings 

The D = 6, M = 8 and N = 2 magic supergravities arise as uplifts of 
D = 5, A/" = 8 and M = 2 magic supergravities with ny = 27, ny = 15, 
ny = 9 and ny = 6 vector fields ^Ij. They exhibit Spin(5,5), Spin(9, 1), 
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Spin(5, 1), Spin(3, 1) and Spin(2, 1) U-duality symmetry since the D = 6 
vector multiplets in the Coulomb phase (after Higgsing) transform as spinors 
of dimension 16, 8, 4 and 2, respectively |21j. One can associate a black 
string solution with charges qj {I = 1, ny for ny = 10, 6, 4, 3) an element 

n / A \ 

J = Y.'i'^i=[ 5 r2 ) ^^el^'^eA (3) 
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of a Jordan algebra J2 of degree two, where the e/ form the ny-dimensional 
basis of the Jordan algebra over a composition algebra A. Elements of J2 
transform as the (dim A + 2) representation of S'L(2, A), the 10, 10, 6, 4, 3 
of 50(5, 5), SO{9, 1), 50(5, 1), 50(3, 1) and 50(2, 1), respectively H]. This 
can be seen by noting the {p, q) spacetime inner product can be expressed 
as 

J-K= ^(tr(J)tr(i^) -tr(Joi^)) (4) 

and by setting J = K , ri = x + y and r2 = x — y we recover the {p, q) 
spacetime norm squared 

J • J = det( J) = - 7/2 + (5) 

As 5-L(2, A) = Stro(J2') consists of determinant preserving transformations 
over J2, such transformations necessarily preserve the {p, q) spacetime norm. 
Moreover, since SL{2,<0>s) = Spin(5,5), 5L(2,0) = Spin(9, 1), 5L(2,]H) = 
Spin(5,l), 5L(2,C) = Spin(3, 1) and 5L(2,M) = Spin(2, 1), the original 
claim for the SO{p,q) groups follows. 

Over any composition algebra, the black string entropy is given by [1] 



5 = 7T./\h{J)\ (6) 

where 

hiJ) = det{J) = rir2 - AA. (7) 
The U-duality orbits are distinguished by rank [52] via 

RankJ = 2 iff hiJ) ^ 5/0, 1/4-BPS 

RankJ = l iff /2(J) = 0, J/0 5 = 0, 1/2-BPS. 

Being that 1/2-BPS black hole charge vectors satisfy hi-J) = J ■ J = 0, they 
transform as lightlike vectors in {p, q) spacetime. 



2.4 D = h Black Holes 

In L> = 5, the = 8 and J\f = 2 supergravities are coupled to 6, 9, 15 
and 27 vector fields with U-duality symmetry groups 5L(3,]R), 5L(3,C), 
5C/*(6), £'6(-26) and £;6(6), respectively [l[l3l[Il]. The orbits of BPS black 
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hole solutions were classified [131 [22] by studying the underlying Jordan 
algebras of degree three under the actions of their reduced structure groups, 
Stro(J|^), which correspond to the U-duality groups of the M = 8 and M = 2 
supergravities. This is seen by associating a given black hole solution with 
charges qj (/ = 1, ...jUy) an element 

/ n Ai A2 \ 
J = Y.i^''^=\ ^1 1.2 ^3 rieR,AieA (9) 

1=1 \ A2 A3 rg / 

of a Jordan algebra of degree three over a composition algebra, where 
ej form a basis for the ny-dimensional Jordan algebra. This establishes 
a correspondence between Jordan algebras of degree three and the charge 
spaces of the extremal black hole solutions jilSj. In all cases, the entropy of 
a black hole solution can be written [H [T3| [23] in the form 

S = Try^ilYl (10) 

where I3 is the cubic invariant given by 

/3 = det(J) (11) 

and 

det(J) = rirzra - ri\\Ai\\^ - r2\\A2\\^ - rsH^sH^ + 2Re(Ai^2^3)- (12) 

The U-duality orbits are distinguished by rank via 

RankJ = 3 iff h{J) ^ 5 / 0, 1/8-BPS 

RankJ = 2 iff /gjj) = 0, / 5 = 0, 1/4-BPS (13) 

RankJ = l iff J^l = 0, J / 5 = 0, 1/2-BPS 

where the quadratic adjoint map is given by 

J^ = JxJ=J^- tr(J) J + ^(tr(J)2 - tr(j2))/. (14) 

Note the quadratic adjoint map is a generalization of the I2 invariant, whose 
vanishing defined 1/2-BPS black hole solutions in Z) = 6. It will be seen that 
the vanishing of the quadratic adjoint map or the I2 invariant are defining 
conditions for 1/2-BPS black hole charge vectors to be interpreted as points 
in projective space. 

3 Qubits, Qutrits and Black Holes 

In this section, qubits and qutrits over composition algebras will be defined 
and identified with 1/2-BPS black string and hole charge vectors in D = 5, 6, 
J\f = 8 and M = 2 magic supergravities. 
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3.1 Qubits and D = Q Black Strings 

A quantum bit or qubit is a state of a quantum system with a two-dimensional 
representation space Ti^. The basis states of this space are denoted as |0) 
and |1) and a general state can be written in this basis as: 

1^) = ao|0) + ai|l) ai€n^. (15) 

l^*) is usually taken to be an element of the Hilbert space C^, where 

io,^(;) u,^(;) a«) 

represent the qubit computational basis. A pure qubit satisfies the nor- 
malization condition ||ao|P + ll^ilP = Ij where ||ai|P is the probability of 
measuring the qubit in state Two pure states \^p) and |0) can be ob- 
tained with certainty from each other by means of local operations assisted 
with classical communication (LOCC) if and only if they are related by local 
unitaries LU [32l |33]. If we merely require that two states {ip) and \4>) be 
obtained from each other with a non-vanishing probability of success, the 
conversion of the states is performed through stochastic local operations and 
classical communication (SLOCC) [32l[33]. For a single qubit, the LOCC 
and SLOCC equivalence groups are equivalent to SU{2) and SL{2, C) [5ll35]. 
Given a pure qubit, one can assign a rank one density matrix 

P = |^)(^| = (ll«olP «oai y 
\ aioo ||ai|| / 



(18) 



satisfying 

tr(P) = 1. 

As P is a rank one 2x2 Hermitian idempotent, we have a map from the 
Hilbert space to the space of rank one elements of the Jordan algebra 
J2- Geometrically, P is mapped to a point of the projective line CP^ |24) . 
In fact, the mapping of a pure qubit to CP^ gives rise to the Hopf fibration 
5"^ ^ 5^ — )• 5^. In general, given a pure qubit over a composition divison 
algebra A = M,C,]HI,0, the mapping — AP"*^ gives rise to all four Hopf 
fibrations j24j 

]R2 ^ Mpi : ^ ^1 ^ ^1 

^ CP^ : ^ ^ 

e2 ^ HP^ : ^ S'^ ^ S'^ 

^2 , ^TOl . 57 ^ ^15 ^ ^^9) 
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For split composition algebras A = Cs,IHIs,Os, there exist analagous map- 
pings [58], providing non-compact Hopf fibrations which represent maps 
between hyperboloids in different dimensions with hyperboloid fibers 



-4,3 



^ H 



2,2 



1,1 



,2 



OP 



,1 . 



^4,3 ^ ^8,7 



-4,4 



(20) 



s 



s • 



The non-compact Hopf fibrations thus describe the geometry of qubit state 
spaces over split composition algebras. As SU{2) = Aut(J2'), it is nat- 
ural to identify LOCC groups for pure qubits over composition algebras 
with the automorphism group of the corresponding Jordan algebra of de- 
gree two Aut(J^), yielding 50(2), SU{2), Usp{A) and 50(9) for com- 
position division algebras M, C, H, O [21], and 50(2,1), 50(3,2) and 
50(5,4) for split composition algebras C^, Hs and O^, respectively [58] . 
The relevant SLOCC groups are then given by the reduced structure groups 
5L(2,A) = Stro(J2^), giving 5L(2,M) = Spin(2,l), 5L(2,C) = Spin(3,l), 
5L(2,]HI) = Spin(5, 1) and 5L(2, O) = Spin(9, 1) for composition division al- 
gebras [21], and 5L(2,C,) = Spin(2,2), 5L(2,]Hs) = Spin(3,3), 5L(2,0,) = 
Spin(5, 5) for split composition algebras. 

With a direct correspondence between qubit state spaces and spaces of 
rank one elements of Jordan algebras of degree two, it is seen that six- 
dimensional 1/2-BPS black hole charge vectors transform as qubits over 
composition algebras. This allows one to identify 1/2-BPS black holes with 
qubits and also gives a quantum computational interpretation for D = 6, 
A/" = 8 and M = 2 magic supergravitiy U-duality groups. Specifically, 
U-duality groups consist of those qubit transformations which allow the 
conversion between states with a non-vanishing probability of success. This 
is sensible since, in general, special linear transformations are not isometrics 
of qubit state spaces and not expected to preserve the normalization of pure 
qubits. However, such transformations do preserve the determinant, hence 
rank, acting as single qubit SLOCC gates which map between not necessarily 
normalized states in projective space. 

Single qubit gates are typically given by unitary transformations [Ml I3Z] ■, 
but for reversible computation any 2x2 invertible linear transformation will 
suffice [38] • Important unitary single qubit gates include the Hadamard gate 






(21) 



the Pauli-X,Y,Z gates (where Pauli-X acts as a NOT gate) 




(22) 
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and the phase shift gates 



Some example non-unitary gates |38j include 

iVi=(j N^={"o J) r,^R,u^O. (24) 

Over any composition algebra A, the Pauli gates are generalized to the set 

--{ID ^-{IV) --(JA) 

where = (ej)^ = — 1 or = (iej)^ = 1 and the phase shift gates become 

^.^=(J ,lo)- (25) 

It can be verified that the generalized Pauli gates X, Yi and Z are generators 
for Aut(J^), while H,Rifi G Aut(J^) and Nk £ Str(j|^). Using elements of 
Aut(J^) and Str(j|') with entries in a complex subalgebra [l5], single qubit 
gates act on general elements J G J^" via conjugation 

J' = SJSl (26) 

Gates in Aut(J2') preserve the Frobenius norm ||J|p = tr(J^) while the 
Str(j|') gates preserve the determinant det(J) up to a real constant. When 
the determinant is preserved exactly, one recovers SLOCC gates in Stro( J^^)- 
Given a black string in = 6, = 8 or = 2 magic supergravity, its 
charge vector is an element J G [4J with spectral decomposition 

J = AiPi + X2P2 Xi G M, (27) 

where Pi are orthonormal rank one idempotents of Identifying Pi,P2 
with pure qubit density matrices allows one to interpret a 1/4-BPS black 
string charge vector as a Boolean observable on two orthogonal qubit states. 
The eigenvalues Aj are those values the observable takes on two coordinate 
charts of the projective line AP^ |51j . The group of qubit SLOCC trans- 
formations Stro(J2') transforms the observable while preserving the black 
string entropy S = 7rY^|det( J)| = 7rY^|AiA2|. This is consistent with the 
interpretation of D = 6 black strings as bound states or intersections of 
basic constituent p-branes of charge Qi,Q2, for which the area law for the 
entropy yields S = tt \/\QiQ2\ [50] . These configurations preserve 1/4 of the 
supersymmetry and in AA = 8 supergravity can arise from two orthogonally 
intersecting M-branes inL' = ll plIM liGlHTl HH] . 
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3.2 Qutrits and D = h Black Holes 

A quantum trit or qutrit is a state of a quantum system with a three- 
dimensional representation space. The basis states of this space are denoted 
as |0), |1) and |2) and a general state can be written in this basis as: 

1^) = ao|0) +ai|l) + a2|2) G (28) 

l^*) is usually taken to be an element of C'^, where 



























^ I 







|0)= |1)= 1 |2)= (29) 



represent the qutrit computational basis. A pure qutrit satisfies the normal- 
ization condition ||ao|P + ||ai|P + ||a2|P = Ij where 1 1 fli | P is the probability of 
measuring the qutrit in state For a single qutrit, the LOCC and SLOCC 
equivalence groups are SU{3) and 5L(3, C), respectively |3] HI [Ml |39] . 
Given a pure qutrit, we can construct its rank one density matrix 

|ao|P aoai 00^2 
p = |^)(^r|=| oiao IkilP aia2 ]■ (30) 
0200 0201 ||a2|P 



satisfying 



tr(P) = 1 
P^ = P. 



2 _ u (31) 



This mapping can be generalized for any pure qutrit in A^, where A is a 
composition algebra. As the resulting density matrix is rank one, satisfy- 
ing = 0, one can map any pure qutrit in A^ to a rank one matrix of 
Jg", hence, a point of AP^. In the case of the octonions, this is leads to a 
successful construction of the projective plane OP^ (Cayley-Moufang plane) 
|24| . for which the standard construction using only equivalence classes of 
elements of A^ fails. The failure of the standard construction is due to the 
identification u ~ Af , w G A^ requiring associativity to be an equivalence 
relation \14\ I53| . Therefore, for non-associative composition algebras, the 
rank one operator representation for qutrits is essential in order to recover 
a sensible theory of quantum mechanics. Hence, quantum mechanics over 
non-associative composition algebras is necessarily expressed in the Jordan 
formulation of quantum mechanics [H [25} HOj [59] . In such theories of quan- 
tum mechanics a qutrit projective space is maximal, in the sense that there 
exist topological obstructions preventing the construction of higher projec- 
tive n-spaces AP",?! > 2, over non-associative composition algebras |53j . 

As SU{3) and SL{3,C) are the automorphism and reduced structure 
groups for J^, respectively, we will associate the LOCC and SLOCC groups 
for any qutrit over composition algebra A with Aut(J3') and Stro(J3'). For 
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Qudit SLOCC Groups 


Composition Algebra A 


Qutrit SLOCC 


Qubit SLOCC 


M 


SL{3,R) 


SL{2,R) = Spin(2,l) 


C 


SL{3,C) 


5L(2,C) = Spin(3,l) 


H 


SL{3,m) 


SL{2,m) = Spin(5,l) 


O 


-E'6(-26) 


SL{2,0) = Spin(9,l) 




^6(6) 


SL{2,Os) = Spin(5,5) 


Oc 




5L(2,Oc) = Spin(10,C) 



Table 1: SLOCC groups for qutrits and qubits over composition algebras. 



composition algebras A = M,C,H,0,Os, this gives 50(3), SU{3), USp{6), 
Fa and ^4(4) as LOCC groups and SL(3,M), 5L(3,C), 5L(3,]H) ^ SU*{Q), 
£^g(_26), -E'6(6) ^-s SLOCC groups, respectively. For D = 5 supergravities, 
Aut(J*) and Stro(J3') act as rotation and U-duality groups, respectively 
[H US HH EOl El] . This establishes a correspondence between qutrit SLOCC 
groups over composition algebras and U-duality groups for D = 5, = 8 
and M = 2 magic supergravities. 

Single qutrit gates are typically given by unitary transformations [H [Ml 
I5^l41j. However, just as for qubits, any invertible linear transformation can 
serve as a gate for reversible computations [38]. We can construct qutrit 
gates by embedding qubit gates and nesting transformations appropriately. 
For example, the Hadamard and Pauli gates can be embedded in 3 x 3 
Hermitian gates Mi , M2 , M3 of the form 

10 \ / rg A2 \ / rs A3 \ 
ri Ai \A 1 , ^3 re , 
Ai ra / V ^2 r4 / V 1/ 

where G M and Aj G A and gate Mi leaves the standard idempotent 
Pi invariant. Requiring that = — rj+i and rf + AA = 1, yields unitary 
gates M G Aut(J2^) C Aut( JI"). SLOCC gates are recovered by requiring 
det(M) = 1, giving M G Stro(J|'). In general, such M gates are in Str(j|') 
and general transformations of elements J € are recovered via nesting 

J' = Mk{Mj{MiJMl)M])Ml (32) 

Other unitary qutrit transformations include Aut(j|') C Aut(j|') rotations 

e'' \ 

e'^ (33) 
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Figure 1: An projective basis for AP^ as a ternary computational basis. 

/ cos6l I sine \ 

I sine cos9 , (34) 
V 1/ 

and Stro(J^) C Stro(J;^) boosts 

\ / cosh/3 Isinh/3 \ 
e"'' , /sinh/3 cosh/3 . (35) 
1 / \ 1 / 

In [l5], it was shown that for one can recover all of Stro(J^) = -E'6(-26) 
via suitable nesting of such rotations and boosts. Since C for any 
composition division algebra A, this applies to other StTo{J^) as well. It then 
only remains to show i5'e(6) can be recovered by nesting of rotations of boosts 
over the split-octonions, using arguments similar to those given Manogue 
and Dray in the case of Eq(^_2q) 05]. Such nesting permits the construction 
of general SLOCC gates for qutrits over any composition algebra A, using 
embedded qubit SLOCC gates. In the corresponding D = 5, J\f = 8 and 
M = 2 magic supergravities, the nested rotations and boosts yield general 
U-duality transformations. 

Given a black hole in = 5, = 8 and N = 2 magic supergravity, we 
can associate an element J €z with spectral decomposition 

J = AiPi + X2P2 + X3P3 Ai e M, (36) 

where Pi are orthonormal rank one idempotents of J^. Identifying Pi,P2, P3 
with pure qutrit density matrices allows one to interpret 1/4-BPS and 1/8- 
BPS black hole charge vectors as observables on three orthogonal pure qutrit 
states. The eigenvalues are the values the observable takes on three coor- 
dinate charts of AP^. The automorphism group Aut(J3') = Isom(AP^) 
preserves pure qutrit normalization while Stro (JI') acts as a SLOCC group 
preserving the black hole entropy S = ir ^y\det{J)\ = 7rY^|AiA2A3|. This 
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agress with the interpretation of D = 5 black holes preserving 1/8 super- 
symmetry as bound states or intersections of basic constituent p-branes with 
charges Qi,Q2,Q3, for which the entropy law yields S = ^T^y\QlQ2Q3\ [50] . 

As an illustrative example, consider the case oi D = 5, M = 8 super- 
gravity, where black hole charge vectors are in J^" , the 27 of E^^^y Given 
a qubit SLOCC gate S G S'L(2,Os) = Spin(5,5), we can construct a 3 x 3 
qutrit SLOCC gate 

M=(^l J ) GStro(J3®0 = ^6(6). (37) 
Acting on a black hole charge vector J € j'^" imposes the block structure 

where V E J^" transforms as a ten-dimensional vector, -0 E Og as a sixteen- 
dimensional spinor, and c E M a scalar. As Spin(5, 5) is the double cover of 
50(5, 5), choosing one of the three embeddings of a qubit SLOCC gate into 
a 3 X 3 qutrit SLOCC gate leads to the decomposition under the T-duality 
group 50(5, 5): 27 — )• 10 -|- 16 -|- 1. At the group level, this corresponds to 
the three embeddings of Spin(5, 5) in -£6(6) > giving three such decompositions 
of the 27. In the projective plane OP^, each copy of Spin(5, 5) transforms 
two orthogonal rank one projectors (hence a projective line), while leaving 
the third invariant. This is seen by noting lines in the plane OP^ can be 
represented by rank two elements |25] 

P1 + P2 line in OP^ (39) 

Acting on a diagonalized element of with M E Spin(5, 5) C -^6(6) gives 

MDM^ = AiMPiM^ + \2MP2M^ + A3P3 (40) 

leaving a rank one idempotent invariant, while transforming the projective 
line li2 = Pi+P2- The other two embeddings of the qubit gate S E Spin(5, 5) 
accordingly transform the remaining two lines /13 = Pi -|- P3 and I23 = 
P2 + Ps- Quantum computationally, this means an embedded Spin(5,5) 
acts on a corresponding qubit subspace of the qutrit state space OP^, and 
by nesting transformations from different Spin(5, 5) subgroups a general 
qutrit transformation is recovered. Similar results apply to black holes in 
D = 5, exceptional N = 2 magic supergravity, where the relevant groups 
are 50(9, 1), Spin(9, 1) and p6(-26)- 

4 Conclusion 

It was shown that 1/2-BPS black string and hole charge vectors in D = 5, 6, 
M = 8 and M = 2 magic supergravities can be identified with qubits and 
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qutrits over composition algebras, using the Jordan formulation of quantum 
mechanics. This allows one to interpret U-duality groups as SLOCC groups 
for generalized qubits and qutrits. Moreover, 1/4 and 1/8-BPS black hole 
charge vectors were identified with observables on orthogonal qudit states 
and such an interpretation found agreement with results of multi-charge BPS 
solutions in toroidally compactified M-theory. In the case of M-theory on 
T^, corresponding to D = 5, M = 8 supergravity, the qutrit interpretation 
provided a novel view of the decomposition of the 27 of £^6(6)5 under its 
T-duality subgroup 50(5, 5), found to arise from choosing an embedding of 
qubit SLOCC gates into qutrit SLOCC gates. 

Further research into the black hole/qudit correspondence might find 
applications for BPS black strings and holes in generalized spin chains, as 
spin-1/2 and spin-1 chains are currently used for both quantum telepora- 
tion and transfer of qudit states [nUl EI]- Spin chains over non-associative 
composition algebras, with 50(5, 5) and 50(9, 1) SLOCC symmetry, might 
even prove helpful in building novel string bit models [62j for superstrings. 
In such Si CclSG, superstrings would arise from infinitely long polymers of BPS 
black string bits. 

Other possible applications of the black hole/qudit correspondence may 
lie in the study of scattering amplitudes in twistor space \63\ I64j . where 
the compact and non-compact complex Hopf fibrations are already in use, 
mapping spinors to lightlike vectors in (3,1) and (2,2) signature spacetimes. 
Perhaps the use of more general Hopf fibrations, such as those used for qubits 
over non-associative composition algebras, will provide deeper insights into 
the structure of these amplitudes and their interpretation within M-theory. 

Surely, there are many other unforeseen applications, and it appears 
certain that the black hole/qudit correspondence will continue to illuminate 
facets of both quantum gravity and quantum information theory and their 
fascinating interrelationship. 
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